The vibrations of Euler-Bernoulli metal beam are accommodated in the present study by taking into account the possibility of activating the microstructural effects, captured by the temperature gradient phase lag, in the fast transient process captured by the heat flux phase lag. The thermal moment is approximated as the difference between the top and the bottom surface temperatures (Massalas and Kalpakidis 1983). Three generalizations of the Biot model of thermomechanics are considered: Lord-Shulman, dualphase-lag (Tzou 1997), and modified dual-phase-lag (Awad 2012). It is found that when the response time is shortened, the material dimensions are small, or when the method of heating is changed, the dual-phase-lag model records a significant decrease in the lattice variables. The spurious serrations of the classical thermoelastic wave are smoothed in the dual-phase-lag wave. The dualphase-lag thermoelasticity is the closest macroscopic approach to the ultrafast model (Chen et al. 2002) .
Introduction
The heat transport in metals, on the macroscopic level, can be modeled mathematically via the classical Fourier law for heat conduction:
where ⃗ is the heat flux vector, ⃗ is the position vector, is the time, is the thermal conductivity, is the absolute temperature, and ∇ denotes the spatial gradient operator. When the problem of heat transfer at relatively small values of time is considered, it is found that the classical Fourier law ( ) results in a nonzero temperature values for large values of distance, which contradicts the experimental results. For solving this paradox in the Fourierian model, Morse and Feshbach [1] , Cattaneo [2] , and Vernotte [3, 4] hypothesized the existence of thermal relaxation during the temperature propagation and expressed their hypothesis through the non-Fourierian law:
where 0 is a characteristic constant expressing the thermal relaxation time in the energy carriers collision and / is the differentiation with respect to the time variable . The energy equation, yielded from ( ), is of the hyperbolic type that predicts a wave nature for temperature propagation with finite speed; see Joseph and Preziosi [5] and Tzou [6] . Based on the non-Fourier law ( ), Lord and Shulman [7] established a linear theory of isotropic thermoelastic materials, Lord-Shulman model, to replace the classical one due to Biot [8] . Sherief and his colleagues [9] [10] [11] have taken into account the Lord-Shulman model in details, and more informative reviews can be found in Chandrasekharaiah [12] , Hetnarski and Ignaczak [13] , and Ignaczak and OstojaStarzewski [14] .
On the microscopic level, because of the rapid development and growing interests of the short-pulse laser (laser with pulse duration ranging from 10 −9 to 10 −15 seconds), great efforts were theoretically and experimentally directed to evaluate the energy exchange between electrons and phonons during laser heating process and introduce a governing law which measures the electron temperature and lattice temperature; see [15] [16] [17] [18] [19] . When the response time is short and the material thickness is small so that it becomes comparable with the atomic distances in the scale sense, the non-Fourier law ( ) fails to predict the correct experimental 2 Mathematical Problems in Engineering values; see Qiu and Tien [20, 21] . As a result, a novel law of heat transfer was proposed to replace the Cattaneo-Vernotte equation ( where and are the heat capacities of electron and lattice, respectively, and are the electron and lattice absolute temperatures, respectively, is the laser source term, and denotes the electron-phonon coupling factor. The system ( ) was phenomenological not based on a rigorous thermodynamical basis. Qiu and Tien [21] introduced a thermodynamic derivation for the phenomenological system ( ) and its hyperbolic version.
Till 1995, all the works mentioned above were confined to the knowledge of specialists of Statistical Mechanics and Quantum Mechanics. Tzou [23, 24] introduced the lagging behavior idea in order to incorporate the microscopic interactions into the macroscopic formulae and, hence, to involve as many researchers as possible in the rapid growth of microscale heat transfer achieved in this time. The generalized lagging behavior (generalized dual-phaselag, or DPL) is briefly proposing a non-Fourier law of heat conduction which replaces ( ) and ( ) and takes the form
where and are, respectively, the heat flux and the temperature gradient phase lags. When the Taylor expansion is used with neglecting the terms ( 3 ) and ( 2 ), ( ) reads
where combining ( ) with the energy equation − / = V ( / ) yields the same equation governing the lattice temperature and resulted from the hyperbolic version of ( ); refer also to Tzou and Xu [25] .
Awad [26] has proposed a refined aspect to ( ) to be on the form
In ( )-( ), captures the microstructural effects ( / ), and 2 (or 2 ) captures the ballistic behavior of electron transport [25] . Tzou [27] and Chandrasekharaiah [12] , based on ( ), have derived the linear theory of dual-phase-lag thermoelasticity, DPLT, that has been also reviewed in the survey due to Hetnarski and Ignaczak [13] . In [26] , another version of DPLT has been proposed using the law ( ); we will refer to this version as MDPLT. The non-Fourier law ( ) has been extended to thermoelectric materials by Abdou et al. [28] .
The coupled equations of thermoelastic beams, including the effects of shear deformation and rotatory inertia, were derived by Jones [29] . Jones [29] referred to the paper of Ignaczak and Nowacki [30] that presented a similar analysis; however, he did not supply any appraisal to the work because the reference was not available. Massalas and Kalpakidis [31] introduced an analytical solution to a simply supported Euler-Bernoulli beam without rotatory inertia. They expressed the thermal moment as a linear combination of the upper and bottom surface temperatures of the beam. Sankar and Tzeng [32] have analytically solved the thermoelastic equilibrium equation of a functionally graded EulerBernoulli beam, by generalizing Sankar [33] work. They suggested that the temperature changes exponentially through the beam thickness. Babaei et al. [34] have numerically solved the coupled thermoelastic equations of a functionally graded Euler-Bernoulli beam by employing the Galerkin finite element method [35] . They made use of a combination of the ideas proposed by [31, 32] to express the temperature. Sun et al. [22, 36] have studied the laser-induced vibrations of a generalized thermoelastic Euler-Bernoulli beam. They adopted the Lord-Shulman model in their analysis and followed the Massalas-Kalpakidis assumption [31] with sinusoidal representation of the temperature through the thickness of the beam obeying zero-temperature gradient on its upper and bottom surfaces. Khisaeva and Ostoja-Starzewski [37] have studied the thermoelastic damping of a generalized Euler-Bernoulli microscale beam under the Lord-Shulman model. Youssef and Elsibai [38] [39] [40] [41] have explored the vibration of Euler-Bernoulli gold nanobeam due to ramp type heating on one end of the beam under various theories of thermoelasticity. They adopted the same assumption of [22] . We refer to some analytical methods that have been introduced by el-Sirafy and Abdou [42] and Abdou and Aseeri [43] .
It appears that when the ultrashort pulsed laser and the micro/nanostructures are collected in one subject, it is quite natural to give a great deal to the microstructural effects during the fast-transient process. Motivated by the above works, we will reconsider the micro/nanostructural Euler-Bernoulli beams responses in this study by taking into account the DPLT/MDPLT models. The problem will be mathematically modeled in the next section. Two different methods of heating will be considered on the upper surface of the beam: ultrashort pulsed laser heating and constant heat flux. The solutions will be derived in the third section by using Laplace transform and the direct approach techniques. A numerical technique will be adopted in the fourth section to recover the solutions in the physical domain, and then a microscale gold beam is chosen to study the essential differences between the mathematical models and the heating methods. The lattice variables are plotted against the spatial and temporal variables to show the way in which these variables decay and the domain in which the heat influences; see [44] [45] [46] [47] . 
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Problem Modeling
Consider an isotropic homogeneous rectangular thermoelastic beam of length (0 ≤ ≤ ), width (− /2 ≤ ≤ /2), and thickness (−ℎ/2 ≤ ≤ ℎ/2), where , , and are the usual Cartesian axes lying, respectively, along the length, width, and thickness of the beam so that -axis coincides with the beam axis and and axes coincide with the end ( = 0) with origin located at the axis of the beam; see Figure 1 .
According to the Euler-Bernoulli assumption, see Jones [29] and Hetnarski and Eslami [48] , we assume that the displacement components are given by
where ( , ) is the lateral deflection of the beam. From now on, all the variables are assumed to be independent of . The (axial) stress along the beam axis, , is given by the modified Hooke's law:
where is the Young modulus, is the coefficient of linear thermal expansion, ] is the Poisson ratio, = / is the dilatation along the beam axis, and ( , , ) = − 0 denotes the deviation of absolute temperature ( , , ) from the ambient temperature 0 .
The bending moment resultant of the beam, , can be evaluated via the following relation:
Making use of Euler-Bernoulli assumption (1), and Hooke's law (2) in (3), we arrive at
where = /(1 − 2]), is the second moment of the crosssection area of the beam and is the thermal moment, and and are given by
The equation governing transverse deflections of the beam, neglecting the rotatory inertia effects, is [29] 
where denotes the beam density and = ℎ is the crosssectional area of the beam. In combining (4b) and (5), we have
In addition to (6), the energy equation including the hyperbolic theories, considered in [26] , is given as
where
, is the relaxation time at the Fermi level, V is the specific heat at constant volume, = ( , ) denotes the initial heating source, to be defined later, and 1 , 2 , and 3 are controlling numbers which take their values from the set {0, 1}.
Equation (7), in essence, is considered a unified energy equation in the linear theory of thermoelasticity with finite wave speed. Although it involves various thermoelastic theories, we will focus on the following cases.
= 0, (7) reduces the energy equation of the Lord-Shulman thermoelasticity [7] . This model has been employed to microscale beams by Sun et al. [22, 36] .
(ii) When 1 = 3 = 0, 2 = 1, (7) reduces the energy equation of the hyperbolic dual-phase-lag thermoelasticity, DPLT, [12, 27] . (iii) When 2 = 3 = 0, 1 = 1, (7) reduces the energy equation of the modified hyperbolic dual-phase-lag thermoelasticity, MDPLT, [26] .
In view of the Euler-Bernoulli assumption (1), (7) could take the following form:
Following Massalas and Kalpakidis [31] , we multiply (8a) by d and integrate over the interval (−ℎ/2, ℎ/2); this leads to
where is mathematically approximated as the difference between the temperatures at the upper and bottom surfaces of the beam, or, alternatively, the temperature is assumed to vary linearly through the thickness of the beam, thus, we have
and ℎ ( ) is given by
(Assumption (9b) was successfully used by Massalas and Kalpakidis [31] for beams with infinitesimal thickness.) The problem, so far, is not emphasized in the small-scale length. Introducing of the following dimensionless quantities seems to be crucial for the paper aim:
Accordingly, (6) and (9a), (9b), and (9c) read, after dropping the dashes for convenience, ) ( , )
2 )
and * ℎ ( ) is the dimensionless form of ℎ ( ). Thus, (11) are the governing equations of a vibrating Euler-Bernoulli beam with length and aspect ratios 1 and 2 , under two transverse thermal causes: (i) temperature gradient on the upper and bottom surfaces and (ii) thermal source applied in a normal direction to the beam axis. Solving (11) leads to finding the beam lateral deflection , the thermal moment , and the axial stress . The thermal moment can be considered as having the same behavior of temperature.
Solution in the Laplace Domain
The direct approach was first applied to coupled thermoelastic problems by Bahar and Hetnarski [49] . It has recently showed successful results; see Ezzat and Awad [50, 51] . The Laplace transform is defined by
By assuming zero initial conditions for , , and their rates { / , / ,
2 2 }, and in view of (11) and (13), we obtain
Mathematical
and * ℎ ( ) denotes the Laplace transform of the heating source * ℎ ( ).
The differential equation of the lateral deflection and the thermal moment are
The differential equation governing the lateral deflection can take the form
where ± 1 , ± 2 , and ± 3 are the characteristic roots of the equation:
and satisfy the well-known relations: Then the lateral deflection is given by
where the coefficients and , = 1, 2, 3, to be determined later, are depending on the Laplace variable . The thermal moment is given by
wherèand̀, = 1, 2, 3, are depending on the Laplace variable . If a relation is established between {̀,̀} and { , }, it will be needed six boundary conditions in order to determine the unknowns { , }. Proceed in this direction and substitute (20) and (21) into (15), it yields
which helps us to rewrite (21) to be
By holding similar arguments, the axial stresses can be written as
where avg ( , ) =̀( ,
is used and we recalled (4a), the approximation of thermal moment (9b), (10) and (13), and (20) and (23) . In order to determine the unknown coefficients and , = 1, 2, 3, we need to specify the thermal influence * ( ).
In the next section, we will discuss two different applications of thermal loads over the upper surface of the beam.
Applications
In this section, we consider the vibrations of a gold microscale beam, of length = 0.1 m and aspect ratios 1 = 0.1, 2 = 0.05, induced by two methods of heating:
(i) laser source with non-Gaussian temporal profile set along the upper surface = ℎ/2,
(ii) constant heat flux normal to the upper surface = ℎ/2.
First, consider the following profile:
where is the laser-pulse duration and 0 is the laser-pulse intensity, namely, the total energy carried by the laser beam per unit cross-section and unit time. The profile (25) has successfully been studied in the recent literatures [22, 26, 27, 36, 52] , in the case of microscale beams with single thermal relaxation and microfilm with dual-phase-lag. The laser source , according to case (i) of the present section, can be therefore defined as where and have their usual meaning, the surface reflectivity and the penetration depth of the beam material. Furthermore, the beam is considered to be simply supported with ends ( = 0, = ) kept at the ambient temperature. Thereby, the boundary conditions are determined through
Moreover, the temperature gradient on the upper and bottom surfaces are assumed null (no heat losses); namely,
Next, we can evaluate the thermal influence * given by (16) , and the result is * ( ) = 6 (1 − )
The nondimensional forms of the boundary conditions (27a), (27b), and (27c) in the Laplace domain read
By the aid of (29a) and (29b) and the thermal influence (28a), and (28b), the solutions (20) and (23) 
Then, by solving (30a), (30b), (30c), (30d), (30e), and (30f) one can obtain the required coefficients; see (A.3) in the Appendix.
Second, as stated in assumption (ii), we replace the laser source term with a constant heat flux {− 0 } normal to the upper surface of the beam, with keeping the bottom surface at zero temperature gradient. The boundary conditions on the upper and bottom surface are then given through the DPL law of heat conduction as
Applying (10) and (13), (31) yields
The other boundary conditions, (29a) and (29b), hold true in the second application. In view of (16) and (32), the thermal influence of the second problem is given by * ( ) = 1 0
and (30a), (30b), (30c), (30d), (30e), and (30f) hold their forms with replacing * from (28a) and (28b) to (33) .
This completes the solution of the mathematical model in the Laplace transformed domain. In order to obtain the solution of the present application in the physical domain, we firstly apply the well-known formula:
to (20), (23) and (24a), and (24b) and use the results of (28a) and (28b), (30a), (30b), (30c), (30d), (30e), and (30f) and (33) . Secondly, we adopt a numerical inversion method based on the Fourier series expansion, by which the integral (34) can be approximated as a series
for 0 ≤ ≤ 2 1 . The above series (35) is called the Durbin formula and the last term in which is called the discretization error. Honig and Hirdes [53] developed a method for accelerating the convergence of the Fourier series and a procedure that computes approximately the best choice of the free parameters. Further, they established a FORTRAN subroutine that helps in implementing series (35) . For further numerical methods, see pp. 317-322 in [27] .
Numerical Results and Discussion
The numerical values of the material parameters of gold (Au) are given as follows, see [23, 24, 26, 54, 55 (36) Figure 2 shows the laser-induced lateral deflections at an early instant of time = 0.1. A similar graph (for the Lord-Shulman model) has been obtained by Sun et al. [22] at = 0.4, 2 with the symmetry shape about the axis = /2. The DPLT and MDPLT models record values lower than that recorded in the Lord-Shulman model. In the inset plot of Figure 2 , the curves inside the dotted rectangle are illustrated describing both the DPLT and MDPLT models of thermomechanics. It is notable that the same result shown in the thermal shock problem, see [26] , has been obtained here. Namely, the MDPLT model has a weak effect on the displacement of particles compared with the DPLT model, especially at the small values of time. Figure 3 focuses on the temporal history of the midpoint vibrations ( = /2). Obviously, the Lord-Shulman model predicts thermomechanical waves propagating with velocity faster than the DPLT and MDPLT models, having amplitudes higher than those recorded by the DPLT and MDPLT models. The midpoint returns to the quiescent mode in the LordShulman model before the other models. The inset plot of Figure 3 clarifies the differences between the DPLT and MDPLT lateral deflections. As stated previously [26] , the main difference between the DPL and MDPL models appears in the early response times, and the difference between DPLT and MDPLT lateral deflections is apparent in the dimensionless time interval Figure 4 . The DPLT and MDPLT curves in the rectangular frame are illustrated in the inset plot of Figure 4 . The difference between DPLT and MDPLT curves drawn in inset-plot 4 is temporarily at = 0.1. Inset-plot 5b shows the vibrations of the midpoint. At = 0.1, the two inset-plots 4 and 5b coincide; however, in a subsequent instant = 0.15, one finds the two curves to reverse their positions near the midpoint, and at = 0.2 there is no significant difference between the DPLT and MDPLT thermal moments. Furthermore, in the dimensionless time interval [0, 0.2], the thermal moment of DPLT model has frequency values higher than that in the MDPLT model. Figure 5(a) , actually, supports the current study. It is not dissimilar from Figure 4 , which is drawn by Sun et al. [22] for a Silicon beam, except for Figure 5 , and MD , respectively, are given by In Figures 7 and 8 , the temporal history of the midpoint deflection and thermal moment are represented, respectively, for the heat flux problem. The midpoint lateral deflection of the heat flux application vibrates about the dimensionless value = 0.057, while it vibrates about the value = 0 in the laser application. In the heat flux problem, the DPLT and MDPLT models reach steady state before the Lord-Shulman model in the heat flux application unlike what is obtained in the laser problem. The history of the midpoint thermal moment variation is represented in Figure 8 for the three models. The sudden increase in the Lord-Shulman curve and the gradual increase in the DPLT and MDPLT curves are characteristic features of the constant heat flux application. 
Conclusion
The macroscopic vibrations of a gold Euler-Bernoulli thermoelastic rectangular microscale beam have been studied during two different ways of heating, the laser-pulse heating, and the constant heat flux on the upper surface. The direct approach method has been employed to obtain the exact solutions in the Laplace transformed domain. A numerical technique has been adopted to recover the solutions in the physical domain. The paper focuses on the distinguishable features of the Lord-Shulman model of thermomechanics, based on the Cattaneo-Vernotte law, and the Tzou-model of thermomechanics (DPLT and MDPLT), based on the QiuTien hyperbolic two-step model.
The dual-phase-lag models (DPLT and MDPLT), basically, depend on a certain mechanism of heat transport. It subdivides the heat transport to three processes [20, 21] : (i) the deposition of radiation energy on electron, (ii) the transport of energy by electron subsystem, and (iii) the heating of material lattice via electron-phonon interactions. The single relaxation time model (Lord-Shulman), on the other hand, neglects the electron-phonon interactions during the fast transient processes. This may be the major reason beyond the behavior of DPLT and MDPLT. The results of this paper can be supported by the evident differences between the electron and lattice temperatures during ultrafast laser heating; see Figures 1 and 9 in Chen et al. [54] and Figure  2 in Tzou and Pfautsch [55] . There is a material range of picoseconds needed to reach the thermal equilibrium between phonons and electrons (thermalization time), whilst both the electrons and the lattice are heated simultaneously in the Lord-Shulman thermomechanics. Upon reaching the thermal equilibrium between electrons and the lattice, the DPLT and MDPLT become immaterial. Furthermore, as seen from Figures 4, 5(a), and 5(b) , the meaningless V-shape has disappeared from the DPLT models, which indicates the improved numerical results of the DPLT models.
One can conclude that whenever the response time is relatively short and the material dimensions are relatively small, the dual-phase-lag thermoelastic models could not be disregarded and could be considered as the most close macroscopic approach to study the general behavior (but not accurate because of the constant thermophysical properties) rather than encountering the strong nonlinearity of the ultrafast model [54] .
Appendix
Upon solving (19b), the characteristic roots of the problem are given by 
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